Abstract. The filiform and the quasi-filiform Lie algebras form a special class of nilpotent Lie algebras. The aim of this paper is to compute the index and provide regular vectors of this two class of nilpotent Lie algebras. we consider the graded filiform Lie algebras Ln, Qn, the n-dimensional filiform Lie algebras for n < 8, also the graded quasi-filiform Lie algebras and finally a Lie algebras whose nilradical is Q 2n .
Then the matrix associated to G is of the form M = M G0 0 0 0 . It follows that Rank (G) = Rank (G 0 ) .
Let g be a regular vector of G 0 . Then dim G g 0 = χ (G 0 ) and f = g + ρc * is a regular vector of G. We know that G f = {x ∈ G, f ([x, y]) = 0, ∀y ∈ G} . We set x = x 0 + λc and y = y 0+ µc. is the same matrix as the multiplication table in which we replace x s by p s .
Definition 8. A Lie algebra G over an algebraically closed field of characteristic 0 is said to be Frobenius if there exists a linear form f ∈ G
* such that the bilinear form Φ f on G is nondegenerate.
In [9] , the author described all the Frobenius algebraic Lie algebras G = R + N whose nilpotent radical N is abelian in the following two cases: the reductive Levi subalgebra R acts on N irreducibly and R is simple. He classified all the algebraic Frobenius algebras up to dimension 6. See also [20] and [21] for further computations.
We discuss now the evolution by deformation of the index of a Lie algebra. About deformation theory we refer to [12, 19, 18] . Let V be a K-vector space and G 0 = (V, Proof. The rank of the matrix ([x i , x j ]) ij increases by deformation, consequently the index decreases.
Nilpotent and Filiform Lie algebras
In this Section, we review the theory of nilpotent and filiform Lie algebras. Let G be a Lie algebra. We set
A Lie algebra G is said to be nilpotent if there exists an integer p such that C p G = 0. The smallest p such that C p G = 0 is called the nilindex of G. Then, a nilpotent Lie algebra has a natural filtration given by the central descending sequence:
We have the following characterization of nilpotent Lie algebras (Engel's Theorem).
Theorem 10. A Lie algebra G is nilpotent if and only if the operator adx is nilpotent for all x in G.
In the study of nilpotent Lie algebras, filiform Lie algebras, which were introduced by M. Vergne, play an important role. An n-dimensional nilpotent Lie algebra is called filiform if its nilindex p equals n − 1. The filiform Lie algebras are the nilpotent algebras with the largest nilindex. If G is an n-dimensional filiform Lie algebra, then we have dimC i G = n − i for 2 ≤ i ≤ n. Another characterization of filiform Lie algebras uses characteristic sequences c(G) = sup{c(x) : x ∈ G \ [G, G]}, where c(x) is the sequence, in decreasing order, of dimensions of characteristic subspaces of the nilpotent operator adx.
Definition 11. An n-dimensional nilpotent Lie algebra is filiform if its characteristic sequence is of the form c (G) = (n − 1, 1) .
Index of Graded filiform Lie algebras
The classification of filiform Lie algebras was given by Vergne ([26] ) up to dimension 6 and then extended to dimension 11 by several authors (see [2, 3, 17, 23, 14] ). In the general case there is two classes L n and Q n of filiform Lie algebras which plays an important role in the study of the algebraic varieties of filiform and more generally nilpotent Lie algebras. Let {x 1 , · · · , x n } be a basis of the K vector space L n , the Lie algebra structure of L n is defined by the following non-trivial brackets : [x 1 , x i ] = x i+1 i = 2, ..., n − 1. Let {x 1 , · · · , x n=2k } be a basis of the K vector space Q n , the Lie algebra structure of Q n is defined by the following non-trivial brackets.
The classification of n-dimensional graded filiform Lie algebras yields to two isomorphic classes L n and Q n when n is odd and to only the Lie algebra L n when n is even. It turns out that any filiform Lie algebra is isomorphic to a Lie algebra obtained as a deformation of a Lie algebra L n .
4.1. Index of Filiform Lie algebras. We aim to compute the index of L n and Q n and regular vectors. Index of L n : Let {x 1 , x 2 , ..., x n } be a fixed basis of the vector space V = L n and {x * 1 , ....., x * n } be a basis of the dual
The regular vectors of L n are of the form
s where s ∈ {3, ..., n} and p s = 0.
Proof. Since the corresponding matrix to the Lie algebra L n is of the form
and its rank is 2, then χ(L n ) = n − 2. The second assertion is obtained by a direct calculation:
Then we obtain
should hold for all b i . It leads to the following system
Therefore, one of the p i satisfies p i = 0 where i∈ {3, ..., n}.
Index of Q n : Proposition 13. For n = 2k and k ≥ 2, the index of the n-dimensional filiform Lie algebra Q n is χ (Q n ) = 2. The regular vectors of Q n are of the form f = n i=1 p i x * i with p n = 0. Proof. Since the corresponding matrix to the Lie algebra Q n is of the form
and its rank is n-2, then χ(Q n ) = 2. The second assertion is obtained by the following calculation.
Canceling the first and the last columns and the corresponding lines, leads to the following minor
, with p n = 0. Using Proposition 9, we obtain the following result.
Corollary 14. The index of a filiform Lie algebra is less or equal to n − 2.
Proof. Any filiform Lie algebra N is obtained as a deformation of the Lie algebra L n , since χ (L n ) = n− 2 and using Proposition 9, one has χ (N ) ≤ n − 2.
Index of Filiform Lie algebras of dimension ≤ 8
In this section, we compute the index of n-dimensional Filiform Lie algebras with n < 8. Let G be an n-dimensional Lie algebra. We set {x 1 , x 2 , ......, x n } be a fixed basis of V = G, {x * 1 , x * 2 , ..., x * n } and f = i≥1 p i x * i . 5.1. Filiform Lie algebras of dimension less than 6. Any n-dimensional Lie algebras with n < 5 is isomorphic to one of the following Lie algebras. Dimension 1 and 2 We have only the abelian Lie algebras.
The computations of the index using Proposition 4 lead to the following result. 
5.2.
Filiform Lie algebras of dimension 6. Any n-dimensional Lie algebras with n = 6 is isomorphic to one of the following Lie algebras. 
Index of Graded quasi-filiform Lie algebras
The classification of naturally graded quasi-filiform Lie algebras is known and given in [15] . They have the characteristic sequence (n − 2, 1, 1) where n is the dimension of the algebra.
Definition 18. [15]
An n-dimensional nilpotent Lie algebra G is said to be quasi-filiform if C n−3 G = 0 and C n−2 G = 0, where
In the following we describe the classification of naturally quasi-graded filiform Lie algebras let B = {x 0 x 2 , ..., x n−1 } be a basis of G :
6.1. Naturally graded Quasi-filiform Lie algebras. We consider the following classes of n-dimensional Lie algebras which are naturally graded quasi-filiform Lie algebras, we set Split :
2 . Moreover, we have the following 7-dimensional and 9-dimensional Lie algebra [11] . ε (7, 3) :
are graded quasi-filiform Lie algebras.
Theorem 19. [15] Every n-dimensional naturally graded quasi-filiform Lie algebra is isomorphic to one of the following Lie algebras :
• If n is even to L n−1 ⊕ C, T (n,n−3) , or L (n,r) with r odd and 3 ≤ r ≤ n − 3.
• If n is odd to L n−1 ⊕ C, Q n−1 ⊕ C, L (n,n−2) , T (n,n−4) , L (n,r) , or Q (n,r) with r odd, and 3 ≤ r ≤ n − 4. In the case of n = 7 and n = 9, we add ε (7, 3) , ε 1 (9,5) , ε 2 (9,5) , ε 3 (9,5) .
Index of graded quasi-filiform Lie algebras :
In the following we compute the index of graded quasi-filiform Lie algebras. Let G be a n-dimensional graded quasi-filiform Lie algebra Theorem 20. Index of graded quasi-filiform Lie algebras are case where n is even
case where n is odd :
(6) χ(Q (n,r) ) = 3. (7) χ ε (7,3) = 3. 
Proof. case where n is even
The corresponding matrix to the graded quasi-filiform Lie algebra L n−1 ⊕ C is of the form
The corresponding matrix to the graded quasi-filiform Lie algebra T (n,n−3) is of the form
Its rank is n − 2, then χ(T (n,n−3) ) = 2. The corresponding matrix to the graded quasi-filiform Lie algebra L (n,r) is of the form
The corresponding matrix to the graded quasi-filiform Lie algebra Q n−1 ⊕ C is of the form
Its rank is n − 3, then χ(Q n−1 ⊕ C) = 3.
The corresponding matrix to the graded quasi-filiform Lie algebra L (n,n−2) is of the form
Its rank is n − 3, then χ(L (n,n−2) ) = 3. The corresponding matrix to the graded quasi-filiform Lie algebra L (n,r) is of the form
The corresponding matrix to the graded quasi-filiform Lie algebra T (n,n−4) is of the form xn−3
Its rank is n − 3, then χ T (n,n−4) = 3.
The corresponding matrix to the graded quasi-filiform Lie algebra Q (n,r) is of the form
For 3 ≤ r ≤ n − 4 its rank is n − 3. Then χ(Q (n,r) ) = 3.
Remark 21.
There are no Frobenius quasi-filiform Lie algebra.
Regular vectors.
Proposition 22. The regular vectors of the families T (n,n−3) , T (n,n−4) , L (n,r) and Q (n,r) are given by the following functionals f where x * i are the element of the dual basis and p i are parameters.
(2) T (n,n−4) :
(3) L (n,r) : n odd or even and r < n − 2 :
i with p n−1 = 0 and one of p i = 0 where i ∈ {r + 1, ..., n − 2} .
(4) Q (n,r ) :
Proof. T (n,n−3) : The associate system of the graded quasi-filiform Lie algebra T (n,n−3) is of the form:
It turns out that p n−2 = 0 gives a solution of this system such that dim G f = χ G , then the regular vectors are given by :
The associate system is of the form:
2 a n−4 p n−3 + n−5 2 a n−1 p n−3 = 0, a 0 p 3 + a n−6 (p n−4 + p n−1 ) + n−7 2 a n−5 p n−3 − n−5 2 a n−4 p n−2 + n−5 2 a n−1 p n−2 = 0,
2 a 2 p n−2 = 0. It follows that p n−2 = 0 gives a solution of this system such that dim G f = χ G , then the regular vectors are given by : f = n−1 i=0 p i x * i with p n−2 = 0. L (n,r) n odd or even and r < n − 2. We cancel the columns (r + 1) until (n − 1) and the corresponding lines. We obtain the following minor
It is of non-zero determinant and this leads to f = n i=0 p i x * i , with p n−1 = 0 and one of the p i satisfies p i = 0 where i ∈ {r + 1, ..., n − 2} . The same reasoning and calculations are used for Q (n,r) and L (n,n−2) .
Remark 23. Since L n−1 ⊕ C and Q n−1 ⊕ C are the central extension of L n and Q n , then the regular vectors could be given using Proposition 6.
index of Lie algebras whose nilradical is L n or Q 2n
Snobel and Winternitz determined the Lie algebras whose nilradical is isomorphic to the filiform Lie algebra L n . In their work this algebra is denoted by n n,1 and it is defined with respect to the basis{x 1 , ..., x n } by [x i , x n ] = x i−1 , i = 2, ..., n − 1.
Theorem 24.
[11] Let τ be a solvable Lie algebra over a field K = R or C and having as nilradical n n,1 . Then it is isomorphic to one of the following Lie algebras.
(1) If dim τ = n + 1, set B = {x 1 , ..., x n , f } be a basis of τ .
7.1. Index of Lie algebras whose nilradical is n n,1 (L n ).
Proposition 25. Index of Lie algebras whose nilradical is n n,1 are
.
Proof. Set dim τ = n + 1. The corresponding matrix to the algebra τ n+1,1 is of the form:
Its rank is 2, then χ(τ n+1,1 ) = n − 1. The corresponding matrix of the Lie algebra τ n+1,2 is of the form:
The corresponding matrix to the Lie algebra τ n+1,3 is of the form:
If dim τ = n + 2, the corresponding matrix to the Lie algebra τ n+2,1 is of the form:
p i x * i with p 1 , ..., p n = 0. is of rank 2n then the index is 1.
Proof
Remark 28. The procedure described in Remark 7 could be used to compute the regular vectors of Lie algebras whose nilradical is Q 2n .
